A group is called HNN-free if it has no subgroups that are nontrivial HNN-extensions.
Introduction and Results

31
A group is termed HNN-free if it does not have a subgroup which is a nontrivial HNN-extension. This means that there is no subgroup of the form
< t, B | h
where H, K are subgroups of B, σ : H → K is an isomorphism, and H and K are different. In fact a group is HNN-free if and only if it has no subgroup which is a tion of conjugates of a subgroup is the intersection of finitely many of the conjugates. It is a theorem of Rhemtulla [17] that virtually polycyclic groups are FIC-groups.
We show in Lemma 4 that FIC-groups are HNN-free. The last subclass of HNN-free groups which we consider is the class of groups
19
which have no free subsemigroups of rank 2 (FS-free groups). These groups were introduced in 1974 by Rosenblatt [21] , who proved that a finitely generated soluble FS-free group is virtually nilpotent. The class of FS-free groups contains all periodic groups and all finitely generated superamenable groups (in the sense of [21] ): thus 23 it contains all finitely generated groups of subexponential growth and, of course, all those of polynomial growth, which by the celebrated theorem of Gromov [10] 25 are just the finitely generated virtually nilpotent groups. That FS-free groups are HNN-free was first observed by Alperin [1] .
27
Our principal objective is to show that for large classes of finitely generated groups the properties HNN-free, ERF, FIC, and virtually polycyclic are the same; 29 also FS-free, superamenable, subexponential growth, and virtually nilpotent coincide for these classes of groups.
31
Let L 0 denote the class of linear groups over integral domains and define L to be the smallest class of groups containing L 0 which is locally closed and exten-33 sion closed. This is a large class, containing, for example, all elementary amenable groups. Our first main result is: There is an even wider class of groups than L which has been much studied recently. A group G is said to be locally graded if each nontrivial finitely generated 7 subgroup of G has a nontrivial finite quotient. It is straightforward to show that L-groups are locally graded. Now Theorem A is not true for finitely generated locally 9 graded groups, as is shown by Golod's example of a finitely generated, infinite, residually finite p-group [8] . However, the statement of Theorem A remains true if
11
we add the hypothesis that the group has finite upper rank , i.e., there is an upper bound for the (Prüfer) ranks of the finite quotients.
13
Theorem B. Let G be a finitely generated, locally graded group with finite upper rank. Then the four statements of Theorem A are equivalent for G.
15
There are corresponding theorems for FS-free groups. and Subbotin were able to classify in a very precise fashion the periodic locally graded groups in which every subgroup is pronormal. In Theorem E below we show 37 how to remove the hypothesis of periodicity. As a result arbitrary locally graded groups with all their subgroups pronormal are completely classified.
Finally, in order to make the article as self-contained as possible, we have given 1 complete proofs, while at the same time trying to make them as concise as possible.
Properties of HNN-Free Groups
3
We begin with a result which clarifies the nature of HNN-free groups.
Lemma 1.
The following properties of a group G are equivalent. 
. Suppose G has a subgroup which is a nontrivial HNN-extension, say Suppose that x ∈ H\H g . Since x <g> is finitely generated,
Corollary. The class of HNN-free groups is locally closed.
21
This follows at once from (c). The next property of HNN-groups is used frequently.
23
Lemma 2. Let G be a finitely generated HNN-free group and let N G. If G/N is virtually soluble, then it is virtually polycyclic and N is finitely generated.
25
Proof. An induction argument permits us to assume that G/N is infinite cyclic:
Hence N is finitely generated.
We turn next to ERF-groups.
Lemma 3. ERF-groups are HNN-free.
Proof. Let G be an ERF-group and suppose G has a subgroup g, H where
Let L be any subgroup with finite index in G which contains H.
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Thus g m ∈ L for some m > 0, and
and by Lemma 1 the group G is HNN-free.
3
We turn now to FIC-groups.
Lemma 4. FIC-groups are HNN-free.
5
Proof. Let G be an FIC-group and suppose it has a subgroup g, H where
Next we consider FS-free groups, for which the following result is basic.
9
Lemma 5. Let G be an FS-free group and assume that N G and G/N = xN is infinite cyclic. Then for each a ∈ N there are two finite sequences of positive
Proof. Since G is FS-free, the subsemigroup generated by x and xa cannot be free and there is a semigroup relation in x and xa of minimal length, say Since xN has infinite order, we have
say, and thus a fr 1 x s 1 +r 2 +s 2 +··· +fr 2 x s 2 +r 3 +··· +··· = a f s 1 x r 2 +s 2 +r 3 +··· +f s 2 x r 3 +s 3 +··· +··· .
Notice that the highest power of x appearing on the left-hand side of the last equation is d−1, while on the right-hand side it is d−1−r 1 . Moreover, in successive 11 terms on the left-hand side the powers of x decrease, with a like statement for the right-hand side. This completes the proof of the lemma.
13
The next result has been proved by Alperin Proof.
9
(a) Neither FIC nor FS-free implies ERF. This is shown by any group of Prüfer type.
11
(b) Neither ERF nor FIC implies FS-free. For this we can cite any polycyclic group which is not virtually nilpotent, for example
Such a group is both ERF and FIC, but it is not FS-free by Rosenblatt's theorem
13
(or by Theorem C).
(c) FS-free does not imply FIC.
15
Let p be any prime and let G be the wreath product
where |a| = p and X = x 1 × x 2 × · · · is an infinite elementary abelian p-group. Denote the base group of the wreath product by B = a x | x ∈ X . Then G is a 17 metabelian p-group, so it is FS-free. We show that G is not an FIC-group. Let 
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and
Also |G : HG i | is finite and i=1,2,...
follows that H gj i = H i for i > , which yields the contradiction H i = 1. 
Proofs of the Main Results
In this section we establish Theorems A-D. 
Rhemtulla, respectively. It therefore remains to show that (a) ⇒ (d).
Let G be a finitely generated L-group which is HNN-free. If G is linear, then it is virtually soluble by the Tits alternative, since free groups of rank 2 are not HNN-free by Lemma 1. The result now follows from Lemma 2. We can therefore assume that
for some ordinal number α, where L and P are the local and extension closure 11 operations. By transfinite induction on α we may suppose that G has a normal subgroup N such that G/N is virtually polycyclic and N is locally virtually poly-
13
cyclic. In addition, we may assume the result is false for G, but true for all proper quotients of G. We may further assume that N is maximal subject to being normal 15 and locally virtually polycyclic. Clearly G/N is infinite and hence it contains a nontrivial abelian normal subgroup A/N .
17
Let a ∈ A; we will argue that a, N is locally virtually polycyclic. 
then R/L is finite because R is finitely generated. Thus G/L is virtually polycyclic and hence residually finite, which yield the contradiction L = R. Let G be a finitely generated L-group which is FS-free. By Lemma 6 the group G 9 is HNN-free and hence it is virtually polycyclic by Theorem A. We may assume that G is infinite, so it has a nontrivial free abelian normal subgroup A. By induction 11 on the Hirsch number of G/A we may suppose this group to be virtually nilpotent.
Hence the Fitting subgroup of G is nilpotent.
13
Let a ∈ A and x ∈ G. The main step in the proof is to show that x n , a is nilpotent for some n > 0, and for this purpose we assume that xA has infinite order. By Lemma 5 there are sequences of positive integers 1 > 2 > · · · and
Let us write a <x> additively and define
which is a finite dimensional complex vector space. Now regard x as a linear operator on V and suppose that x has an eigenvalue λ such that |λ| = 1. Since we can replace x by a suitable power, we lose nothing in assuming that |λ| ≥ 2. If v is a λ-eigenvector of x in V , then we have v λ
Hence
since |λ| ≥ 2. This contradiction shows that each eigenvalue λ of x satisfies |λ| = 1.
15
We can now apply a theorem of Borevič andŠafarevič [3, pp. 104-105], or a direct argument as in [21, p. 49], to show that each eigenvalue of x is a root of 17 unity. It follows that < x n , a > is nilpotent for some n > 0. Since A is finitely generated, we deduce that < x m , A > is nilpotent for some m > 0.
19
To complete the proof choose U G with G/U finite and U/A nilpotent. Let u ∈ U ; then < u , A > is nilpotent for some > 0, and also < u , A > is subnormal Proof of Theorem D. It is enough to prove that a finitely generated, locally 3 graded group G with finite upper rank which is HNN-free is virtually nilpotent. By Theorem B the group G is virtually polycyclic; the result now follows from 5 Theorem C.
Locally Graded Groups with Pronormal Subgroups
7
A subgroup H of a group G is called pronormal if H and H g are conjugate in
Since their introduction in the 1960s pronormal subgroups have been studied by many authors: a good general reference for the subject is de Giovanni and Vincenzi [7] .
11
There is a strong connection between pronormality of subgroups in a group and normality being transitive. showed that a finite group has all its subgroups pronormal precisely when it is a soluble T -group. (Recall that a group G is a T -group if H K G implies that 15 H G.) It is easy to see that a group in which every subgroup is pronormal is ā T -group, i.e., every subgroup is a T -group. However, the converse is false -see the 17 remarks at the end of this section.
In the infinite case the strongest result obtained so far about groups with all 19 their subgroups pronormal is due to Kuzennyi and Subbotin [13] . They showed that a periodic locally graded group has all its subgroups pronormal if and only if it is 21 isomorphic with a group G having the following structure:
1. The group G is periodic and it has an abelian normal subgroup A such that G/A 23 is a Dedekind group.
π(A) ∩ π(G/A) = ∅ and 2 ∈ π(A).
25
Elements of G induce power automorphisms in A and
A = [A, G]. 4. If Q is a Sylow π(G/A)-subgroup of G, then G = Q A.
27
Here π(H) is the set of primes dividing orders of elements of H.
We use Theorem B to remove the hypothesis of periodicity, thereby completing 29 the classification of locally graded groups with pronormal subgroups. Now consider the general situation and assume that G is not abelian. Then G has a finitely generated, nonabelian subgroup G 0 and, by the first part of the proof, 9 each finitely generated subgroup containing G 0 is finite. It follows that G is locally finite.
11
The structure of locally finiteT -groups is known ([18, 6. by an easy argument. Also L/Q is a π -group since Q is a Sylow π-group. Hence LA = QA and G = QA.
(b) Sufficiency
Let G be a group of Kuzennyi-Subbotin type and let H ≤ G. We show that
21
H is pronormal in G. With the notation of (1) completes the proof.
Concluding Remarks
29
(I) In general a locally finiteT -group need not split over the last term of its lower central series, as in property (4) above. In fact it is possible, using the methods of Consequently the class of locally finiteT -groups is wider than the class of locally 37 finite groups in which every subgroup is pronormal. On the other hand, the splitting property alone does not distinguish the latter class of groups. Indeed Kuzennyi and 39 Subbotin showed that:
(II) There is a locally finiteT -group which splits over the final term of its lower
